Abstract. Let M be the total space of a fibre bundle with base a simply connected manifold whose loop space homology grows exponentially for a given coefficient field. Then we show that for any C ∞ Riemannian metric g on M , the topological entropy of the geodesic flow of g is positive. It follows then, that there exist closed manifolds M with arbitrary fundamental group, for which the geodesic flow of any C ∞ Riemannian metric on M has positive topological entropy.
Introduction
Let M be a closed connected C ∞ manifold and for a C r Riemannian metric g (r ≥ 2), let φ t : SM → SM denote the geodesic flow of g, acting on the unit sphere bundle SM . Let h top (g) denote the topological entropy of the flow φ t .
For a compact simply connected manifold X, let ΩX denote the based loop space of X. We will say that X is rationally hyperbolic if the sequence n i=0 dim H i (ΩX, Q) grows exponentially with n. The manifold X is called rationally elliptic if the sequence n i=0 dim H i (ΩX, Q) grows subexponentially with n. It is well known that subexponential growth of the sequence n i=0 dim H i (ΩX, Q) implies polynomial growth (see [2, 3, 7] and references therein).
"Generically" a simply connected compact manifold is rationally hyperbolic. Ellipticity imposes very strong restrictions. In particular, if X n is rationally elliptic then dim H * (X, Q) ≤ 2 n [7, 8] . It follows that if W is any simply connected compact manifold that is not a rational homology sphere, then the connected sum of a large enough number of copies of W must be rationally hyperbolic. In the case of
is already rationally hyperbolic [9] .
Our aim will be to study the topological entropy of the geodesic flow of a Riemannian metric on a fibre bundle whose base space is rationally hyperbolic, or more generally, a space whose loop space homology grows exponentially for a given coefficient field. More precisely we shall show: We shall describe now two consequences of Theorem 1.1. Recall that if G is a finitely presented group, then there exists a closed 4-manifold N so that π 1 (N ) = G [11] . Therefore by considering the 8- 
Given a pair of points (p, q) ∈ M × M , define n(p, q, λ) as the number of geodesic segments of length ≤ λ connecting p and q. It is not hard to see that, for each λ > 0, the counting function n(p, q, λ) is finite and locally constant on an open full measure subset of M × M , and integrable on M × M . In [10] , R. Mañé showed that: The main novelty in Theorem 1.1 and Corollary 1.2 is that there are no restrictions on the fundamental group of M . A classical result of Dinaburg [1] asserts that if π 1 (M ) has exponential growth, then h top (g) > 0, for any C 2 metric g on M . If M itself is simply connected and for a given coefficient field its loop space homology grows exponentially, then h top (g) > 0 for any C ∞ Riemannian metric g; this fact was pointed out by Gromov in [4, Section 2.7] (a detailed proof is given in [13, Theorem 3.2] ). The result of the present paper is closely related to this result of Gromov.
The key idea behind Gromov's proof is the combination of Yomdin's Theorem [15] with a relationship between the size of the homology of the loop space and the number of geodesics joining two points on the manifold obtained in [5] . However for manifolds with infinite fundamental group the growth of the homology of any of the components of the loop space does not seem to relate clearly with the growth of the average number of geodesics between two points on the manifold: Gromov's arguments in [5] are no longer valid (this is explicitly mentioned in [6, p. 104]). We avoid this difficulty in the case of a fibre bundle, by considering the space of paths leaving from a point and ending in a fixed fibre, and applying Yomdin's Theorem to the normal sphere bundle of the latter.
Note that if M is simply connected and it fibres over a manifold X as in Theorem 1.1, then the loop space homology of M also grows exponentially for some coefficient field. This follows from the spectral sequence of the fibration ΩM → Ω(p, N ) → N , where N denotes the fibre of M → X, and Ω(p, N ) is the space of paths leaving from a point p ∈ M and ending in a fixed fibre (if the homology of the loop space of X grows exponentially, the homology of Ω(p, N ) also grows exponentially).
Proof of Theorem 1.1
Let N denote the fibre of the fibration π : M → X. For a point y ∈ X, let N y = π −1 (y) ∼ = N. For a point y ∈ X and a point p ∈ M , let Ω(p, N y ) denote the space of piecewise smooth paths defined on [0, 1] leaving from p and ending in N y . Also, for x, y ∈ X, let Ω(X, x, y) denote the space of piecewise smooth paths in X defined on [0, 1] from x to y. Recall that the homotopy type of Ω(X, x, y) is independent of the points x and y. Now let g be an arbitrary C ∞ Riemannian metric on M and let L g (α) denote the length of a path in M . As usual, Ω λ (p, N y ) will denote the subspace of paths α such that L g (α) ≤ λ.
Our theorem will be a consequence of the following proposition (compare with [5] and [6, p. 102] 
Proof. We shall use the following result due to Gromov [5] . A proof is given in the appendix. 
for any ω ∈ Ω(X, π(p), y). The constant B depends only on g and g X and is independent of p, y and ω.
Proof. Choose a metric g M on M such that
is a Riemannian submersion. The Riemannian metric g M naturally defines a horizontal distribution and the horizontal lift of a piecewise smooth path on X is uniquely defined provided an initial point in M is chosen. Therefore there exists a continuous map θ :
Since M is compact, there exists a constant B > 0 such that if α is any piecewise smooth path in M , then naturally induces a morphism X, x, y) ).
To prove the proposition it suffices to show that this morphism is onto. Take η ∈ H i (Ω (X, x, y) ). By Theorem 2.2, η can be represented by a cycle ζ whose image lies in Ω C1i (X, x, y). By Proposition 2.3, θ • ζ is a cycle whose image lies in Ω C1Bi (p, N y ) and therefore it defines an element in H i (A). But (π A ) * (θ * (η)) = η sinceπ • θ = id which concludes the proof of the proposition.
Let us explain now how Theorem 1.1 can be derived from Proposition 2.1. If the point p is not a focal point with respect to N y , then L g : Ω(p, N y ) → R is a Morse function, with critical points the geodesic segments leaving from p and ending orthogonally in N y . Let n(p, λ) denote the number of these geodesic segments with length ≤ λ. Then the Morse inequalities and Proposition 2.1 imply:
Integrating the last inequality with respect to p we obtain:
n(p, Cm)dp.
As in [14] we have that lim sup
where SN ⊥ y denotes the normal sphere bundle of N y . On the other hand, Yomdin's Theorem [15] implies, lim sup
From the last three inequalities and the fact that m i=0 dim H i (ΩX) grows exponentially with m, it follows right away that h top (g) > 0, which concludes the proof of Theorem 1.1.
Remark 2.4. Note that we have proved in fact a stronger result: the topological entropy of the geodesic flow of g with respect to the normal sphere bundle of any fibre is positive.
Appendix
In this appendix we shall prove Theorem 2.2. Gromov's original proof in [5] is very short. A more detailed proof is given in [6, p. 102] but it contains some mistakes.
Let {V α } be a finite covering of X by convex open sets. Recall that a set is convex if any two points in it are joined by a unique geodesic that stays in the set. Choose a triangulation T of X that is fine enough so that each closed simplex of T lies in one of the V α . We shall also assume that the 1-skeleton of T consists of geodesic segments. For each point p ∈ X, let T (p) be the (closed) face of T of minimum dimension that contains p (so T (p) = {p} if p is a vertex of T ) and let O(p) be the union of all maximal simplices of T that contain p.
Given a positive integer k, we define open subsets Ω k (X, x, y) of Ω(X, x, y) in the following way. We shall say that ω ∈ Ω k (X, x, y) if for each integer j = 1, 2, . . . , 2 k , the image under ω of each subinterval , y) be the space of broken geodesics γ such that γ ∈ Ω k (X, x, y) and the restriction of γ to each subinterval [(j − 1)/2 k , j/2 k ] is a geodesic parameterized at constant speed. Each γ ∈ B k (X, x, y) determines a sequence {p j = γ(j/2 k )} which has the properties:
k . Conversely any sequence {p j }, 0 ≤ j ≤ 2 k , with these two properties determines a broken geodesic in B k (X, x, y). Moreover the correspondence between broken geodesics in B k (X, x, y) and sequences of points is bijective (because the parameterization will distinguish different geodesics with the same trace). Observe that this correspondence induces on B k (X, x, y) a cell decomposition: a cell that contains γ is given by the cartesian product
Thus we can think of B k (X, x, y) as a finite cell complex. Note that the methods in Milnor's book [12] show that B k (X, x, y) is a deformation retract of Ω k (X, x, y).
Since X is simply connected, there exists a smooth map f : X → X such that f collapses the 1-skeleton of the triangulation T to a point and f is smoothly homotopic to the identity. Observe that f naturally induces a mapf : Ω(X, x, y) → Ω(X, f (x), f(y)).
We need the following lemma.
Lemma 3.1. There exists a constant C 1 > 0 such that for any integer k ≥ 1, we havef
Proof. Consider a cell
. Take a path γ in this cell. Then γ is a broken geodesic, each leg of which lies in one of the sets V α . Since f sends the 1-skeleton of the triangulation T to a point we observe that
where
is the maximum of the g X -diameters of all the convex open sets V α , and N(γ) is the number of legs of γ that do not lie in the 1-skeleton. Since the 1-skeleton of the triangulation T is made up of geodesic segments, the leg of the broken geodesic γ that joins T (p j ) to T (p j+1 ) must lie in the 1-skeleton if 1 ≤ j < 2 k − 1 and dim T (p j ) = dim T (p j+1 ) = 0. Thus the only legs of γ that could fail to lie in the 1-skeleton are the initial leg, which starts at x, the final leg, which ends at y, and legs that begin or end in a T (p j ) with nonzero dimension. We see that N (γ) ≤ 2 + 2i ≤ 4i. If we set C 1 = 4Kd we obtain L gX f (γ) ≤ C 1 i, which concludes the proof of the lemma.
We shall show that for all x and y in X, any η ∈ H i (Ω(X, f (x), f(y)) can be represented by a cycle whose image lies in Ω C1i (X, f (x), f(y)), where C 1 is the constant given by Lemma 3.1. This implies the theorem since f is a surjective map (it has degree one since it is homotopic to the identity).
Observe that Since f is homotopic to the identity, there exists µ ∈ H i (Ω(X, x, y)) such that f * (µ) = η. If we are given a cycle that represents µ, this cycle will have an image that lies in Ω k (X, x, y) for some k. Retract Ω k (X, x, y) onto B k (X, x, y). Then our cycle can be moved by a homotopy into the i-skeleton of B k (X, x, y). By Lemma 3.1,f maps all points in the i-skeleton of B k (X, x, y) to points in Ω C1i (X, f (x), f(y)) and hencef * (µ) = η can be represented by a cycle whose image lies in Ω C1i (X, f (x), f(y)).
